Section 1.7 Linear Independence

Definition of Linearly Independence

An indexed set of vectors {vy,..., vp} in R™ is said to be linearly independent if the vector equation
$1V1+J)2V2—|—"'+CIZPVP:0

has only the trivial solution. The set {v1, ..., v, } is said to be linearly dependent if there exist weights
C1,...,Cp notall zero, such that

c1vy+covy + -+ ¢pv, =0

Example 1. Find the value of h for which the vectors are linearly dependent. Justify each answer.
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Linear Independence of Matrix Columns

Suppose a matrix A = [a; a,). The matrix equation Ax = 0 can be written as

ria; +x2a2 + - +xpa, =0

Each linear dependence relation among the columns of A corresponds to a nontrivial solution of Ax = 0. Thus
we have the following:

The columns of a matrix A are linearly independent if and only if the equation Ax = 0 has only the trivial
solution.

Example 2. Determine if the columns of the matrix form a linearly independent set. Justify your answer.
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Sets of One or Two Vectors

1. Aset containing only one vector Vv is linearly independent if and only if v is not the zero vector.
2. Aset of two vectors {V1, V2 } is linearly dependent if at least one of the vectors is a multiple of the other.
The set is linearly independent if and only if nelther of the vectors isa muItlpIe of the other.
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Sets of Two or More Vectors For ex, C V. +C V:. tCs Vs = 0 with ¢, #0, then V —V"

- C
Theorem 7 Characterization of Linearly Dependent Sets cl‘va,

An indexed set S = {vy,...,v,} of two or more vectors is linearly dependent if and only if at least one of the
vectors in S is a linear combination of the others. In fact, if S is linearly dependent and v 7é 0, then some \Zi
(with 7 > 1)is a linear combination of the preceding vectors, vy, ..., Vv,_1.

Theorem 8. If a set contains more vectors than there are entries in each vector, then the set is linearly
dependent. That is, any set {v1, ..., v,} in R" is linearly dependent if p > n.

Theorem 9. Ifaset S = {vy,... ,vp} in R™ contains the zero vector, then the set is linearly dependent.

- - R S N N S
U v=0. then (=1, (=020 IS amonzro 5ol b0V, 4 LoV, + €3 V; = 0
Example 3. Determine by inspection whether the vectors are Imearly independent. Justify each answer.
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Example 4. Given A= 3 _1 _a|’ observe that the third column is the sum of the first two columns.
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Find a nontrivial solution of Ax = 0.
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The following two questions are left as exercises. | will provide the complete notes for solving them
after the lecture.

Exercise 5. Describe the possible echelon forms of the matrix. Use the notation of Example 1 in Section 1.2.

a. Ais a 3 X 3 matrix with linearly independent columns.

b. Aisa4 x 2 matrix, A = [a; as], and ay is not a multiple of a;.
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Exercise 6.

1. How many pivot columns must a 6 x 4 matrix have if its columns are linearly independent? Why?
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2. How many pivot columns must a 4 X 6 matrix have if its columns span R* ? Why?
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